Abstract. We exhibit three double octic Calabi-Yau threefolds over the quadratic fields Q( √ 2), Q( √ 5), Q( √ −3) and prove their modularity. The non-rigid threefold Q( √ 2) has two conjugate Hilbert modular forms of weight [4, 2] and [2, 4] attached while the two rigid threefolds correspond to a Hilbert modular form of weight [4, 4] and to the twist of the restriction of a classical modular form of weight 4.
Introduction
After the modularity of elliptic curves over Q was proven, much emphasis has been put on Calabi-Yau threefolds. Indeed, for rigid Calabi-Yau threefolds over Q, the modularity has been established in the meantime independently in [6] , [8] . Over number fields other than Q, however, there seems to be only one (Hilbert) modular example to date (outside the CM case), the Consani-Scholten quintic from [1] , [7] . This paper will provide three more examples of modular Calabi-Yau threefolds, each of which is defined over some quadratic field K. In detail, we will exhibit (1) a non-rigid Calabi-Yau threefold X over Q (with b 3 (X) = 4) admitting an endomorphism over Q( √ 2) which can be used to split H 3 (X) into two 2-dimensional eigenspaces; the corresponding Galois representations are proved to correspond to a Hilbert modular form over Q( The Calabi-Yau threefolds will be constructed as crepant resolutions of certain double octics. More precisely, we will choose the branch locus to consist of 8 distinct planes. The construction, following [13] , will be reviewed in Section 3. Then the proof of the mentioned results amounts to comparing the two-dimensional Galois representations attached to the motive of the third cohomology of the Calabi-Yau threefolds (or a given submotive in the first case) on the one hand and to the Hilbert or classical modular forms in question on the other. In practice, this can be achieved by working with the 2-adic representations and applying a method going back to Faltings and Serre and worked out in detail by Livné in [11] . This technique will be explained, with a view towards the given base fields, in Section 2. In essence, it reduces the proof of modularity to comparing a few traces and determinants of the Galois representations at certain Frobenius elements; these, in turn, can be obtained from extensive point counting using the Lefschetz fixed point formula, and from Hilbert modular forms calculations as incorporated in MAGMA.
Given M and p as above, it follows that any element in the conjugacy class of Frob p in Gal(L/K) has order 3; consequently Tr(ρ i (Frob p )) ≡ 1 (mod P), contradicting our assumptions. Thus we see that the set U was indeed chosen in such a way that condition 1. implies that
The traces being even is the key ingredient to apply [11, Thm. 4.3] . To this end, let K S be the compositum of all quadratic extensions of K unramified outside S. Since the ring O K is a unique factorization domain, the compositum K S is obtained by extracting square roots of generators of O * K and of prime elements α ∈ O K with norm N K (α) divisible only by elements of S. Presently, generators of K S /K can be taken as
One computes the table of quadratic characters Gal(K S /K) −→ (Z/2) 4 at the primes from T as follows: Note in particular that Proposition 2.1 implies that ρ 1 , ρ 2 have the same L-series, a feature which will be centrally used in the proof of the modularity results stated in the introduction. The next two propositions concern the same kind of problem for different base fields and adjusted ramification sets. Since the arguments are very similar, we give only the essential ingredients.
], E = Q 2 and let P := 2Z 2 be the maximal ideal of the ring of integers of E. Let S := {2} and
be two sets of primes in O K . Suppose that ρ 1 , ρ 2 : Gal(K/K) −→ GL 2 (E) are continuous Galois representations unramified outside S and satisfying
Proof. By [10] there are 106 degree 6 extensions of Q unramified outside {2, 5}. Only one of them contains
; it is the splitting field of the following polynomial:
The compositum K S of quadratic extensions of K unramified outside S is obtained from the three quadratic
The table of characters is computed as follows:
From the table, we infer that the image of the Frobenius elements Frob t , t ∈ T equals (Z/2) 3 \ {0}; in particular, it is non-cubic, and the Proposition follows from [11, Thm. 4 .3] as before.
, E = Q 2 and let P := 2Z 2 be the maximal ideal of the ring of integers of E. Let S := {2, √ −3} and
be three sets of primes in O K . Suppose that ρ 1 , ρ 2 : Gal(K/K) −→ GL 2 (E) are continuous Galois representations unramified outside S and satisfying
Proof. We claim that condition 1. implies Tr(ρ 1 ) ≡ Tr(ρ 2 ) ≡ 0 (mod P). To prove this we have to determine all cubic extensions of Q[ √ −3], which are unramified outside S; they give degree 6 extensions of Q unramified outside {2, 3} as in the proof of Proposition 2.1. Out of the 398 extensions 16 contain Q[ √ −3]; they are splitting fields of the following degree six polynomials
each of which factors into a product of degree 3 polynomials over Q[ √ −3] . One readily verifies that each degree 3 polynomial has irreducible reduction modulo at least one prime from U . The evenness of the traces follows.
The compositum K S of all quadratic extensions of Q[ √ −3] unramified outside {2, √ −3} equals the composi-
. From the table of quadratic characters below, we read off that the elements from the Galois group Gal(K S /Q[ √ −3]) corresponding to Frobenius elements at the primes from T form a non-cubic set. Now the proposition follows from [11, Thm. 4.3] .
Double octics
In this paper we shall study the modularity of three Calabi-Yau threefolds constructed as crepant resolution of a double cover of the projective space P 3 branched along an arrangement of eight planes S = P 1 ∪ · · · ∪ P 8 . If the planes satisfy the following two conditions: no six planes intersect, no four planes contain a common line, (3.1) then the double cover admits a projective crepant resolution of singularities. One calls the resulting CalabiYau threefold a double octic. It is sometimes useful to note that the crepant resolution can be arranged in such a way that it exhibits the double cover as a double cover of a blow-up of the projective space. One of the key features of double octics is that one can control their invariants, in particular their Hodge numbers. In particular, this is instrumental for constructing rigid double octics or one-dimensional families (accounting for all the infinitesimal deformations of the smooth members). For brevity, we omit the details here and refer the reader to the section 4.2 of C. Meyer's monograph [13] .
Double octic with real multiplication by
Let X be the double octic Calabi-Yau threefolds constructed as a resolution of the double covering of P 3 branched along the following 8 hyperplanes:
By separating the variable x, y on the right-hand side, one realizes that the double octic X admits a fibration by Kummer surfaces (the fibration is induced by the map (x, y, z, v, u) → (z, v)). Following [15] , this Kummer structure arises from the fiber product of rational elliptic surfaces with singular fibers I 4 , I 4 , I 2 , I 2 and I 2 , I 2 , I 2 , I 2 , I 2 , I 2 where the singular fibers are located as follows:
The Calabi-Yau threefold X is isomorphic to the element corresponding to t = −1/2 of the one parameter family defined by the Arrangement No. 250 ( [13] ). In particular (for details see [5] ). The Picard-Fuchs operator is symmetric with respect to the involution t → −1 − t and its fixed point t = − 1 2 is an apparent singularity. The family, however, does not seem to be symmetric in 5 an obvious way. Our findings will depend in an essential way on a correspondence between members of the family exchanged by the involution ( [5] ). Applied to the given Calabi-Yau threefold X, the correspondence induces a two-to-one rational map
The pullback by Ψ of a canonical form ω X is Ψ * ω X = √ 2ω X . In particular the map Ψ * acts as multiplication by
On the other hand, the map Ψ * acts as the multiplication by (−1) on the infinitesimal deformation space H 1 (T X ) and hence as multiplication by (− √ 2) on H 1,2 (X) ⊕ H 2,1 (X) (by Serre duality there is an isomorphism between vector spaces H 1,2 (X) and (H 1 (T X ) ⊗ H 3,0 ) * compatible with the action induced by Ψ). Consequently the map Ψ decomposes the motive H 3 (X) into a direct sum of two two-dimensional submotives
defined as (± √ 2)-eigenspaces of Ψ * . The restriction of the Galois action to the sub-group Gal(Q/Q[ √ 2]) preserves the two submotives and hence decomposes H 3 (X) as the direct sum of two Galois-conjugate Galois representations
. We shall study these Galois representations using the Lefschetz fixed point formula (in oder to eventually prove their modularity). To this end, we have to inspect the crepant resolution of the double octic more closely. The Calabi-Yau threefold X is a double covering of a blow-up X ′ of the projective space P 3 , consequently there is an involution i : X −→ X acting on X. This involution induces a decomposition
skew (X, Z) of the Picard group of X into symmetric and skew-symmetric part. The symmetric part H 2 sym (X, Z) is isomorphic to the cohomology group H 2 (X ′ , Z). The octic arrangement defining the Calabi-Yau threefold X has 28 double lines and 8 fourfold points, consequently in the process of resolution of singularities of X we blow-up the doubly covered projective space 36 times and the rank of the cohomology group H 2 (X ′ , Z) equals 37. It follows from (4.1) that the cohomology group H 2 (X, Z) is generated by classes of symmetric divisors defined over Q. By the comparison theorem for any prime p ≥ 5 the Frobenius morphism Frob p , acts on theétale cohomology H 2 et (X p , Q l ) by multiplication with p, where X p is the reduction of X modulo p andX p = X ⊗F p , and likewise for all powers Frob q . In order to compute the trace of the Frobenius morphism Frob q using the Lefschetz fixed point formula, first we count the points N q on the singular double octic over F q using a computer program, then we add the correction terms for the crepant resolution of singularities. Over Q, the exceptional locus of the blow-up of a fourfold point not contained in any triple line (type p 0 4 in the notation of [13] ) is isomorphic to a surface
The number of points on E over F q depends on whether α is a square (for details see [13, p. 56 
consequently the Frobenius polynomial equals
) is a Frobenius element, then the trace of value of ρ andρ at F p equals
If p is a split prime, then the trace of Frob p 2 can be computed as before by a point count in F p 2 . In order to compute the trace of Frob p with a point-count we have to take into account the contribution from the eight fourfold points of the arrangement. Using (4.3) we get in this situation
In the following table we collect Frobenius polynomials for the values of p that we will need to prove modularity.
17 -124 -10940 To avoid working with four-dimensional Galois representations (as in [7] ), we have determine the precise traces of Frob p on H 3 + and H
3
− for a prime of O K above p. To this end, we shall exploit the endomorphism Ψ; more precisely, we study the action of Frob p •Ψ on H 3 (X). This map preserves the Kummer fibration and transforms the fiber at (z, v) into the fiber at (z + v, z − v). This allows us to determine the number of fixed points of Ψ; indeed, we can restrict ourselves to the fibers at (1 ± √ 2, 1). At those points, the fiber is isomorphic to the Kummer surface of the product of the elliptic curves As the map Ψ acts on H 0,3 ⊕ H 3,0 as multiplication by √ 2 and on H 2,1 ⊕ H 1,2 as multiplication by − √ 2, we infer that the trace of the induced map on the third cohomology is zero: tr(Ψ * |H 3 ) = 0. Using Magma we computed that the map Ψ has Lefschetz number equal 12, so we get tr(Ψ * |H 0 ) = 1, tr(Ψ * |H 2 ) + tr(Ψ * |H 4 ) = 9, tr(Ψ * |H 6 ) = 2.
In a similar way we computed the trace of the composition Frob p •Ψ for split primes p = 7, 17, 23, 31, 47, 89.
As the Picard group of X is defined by divisors defined over Q, the Frobenius morphism Frob
